Exercise sheet 4

Exercise 1 Let M be a N x N matriz with integer coefficients such that det M
0. We suppose that |\;| # 1 for all i, where A1, -, Ay are eigenvalues of M.
Denote N'(n, M) the number of fived points of M™ on TV, that is M"x = x.

e Show that N
N(n, M) =T Ixy =11
j=1

o Compute the value of lim,_, %log./\f(n7 M).

Exercise 2 Let f : [0,1] — [0,1] be the baker’s map defined by f(x) = 2z if
x<1/2 and f(z) = 2(1 — ) if x > 1/2. Show that f preserves the Lebesgue
measure A and A is mizing for f.

Exercise 3 Let X be a compact metric space, f a continuous map and u a
f-invariant Borel probability measure on X with support equal to X. If p is
maxing for f. Show that f is topogical mixng, that is for any two open sets U,V
in X, there exists ng such that for all n > ng, we have f*(U) NV # (.

Exercise 4 Let (X, B, ) be probability space and f a measurable map preserv-
ing p. Suppose f is mixing for p.

e Show that the map f X f : X x X — X x X is mizng for the product
measure [ X .

e Show that f is weakly mizing.

Exercise 5 Show that a circle rotation R, on R/Z is not mizing. Show that
R, X R, is not ergodic.

Exercise 6 Let (X, A, u) be a probability space and f : X — X a measurable
measure-preserving map. For k € N\ {0,1}, we say that f is mixing of order k
if for all measurable subsets A1, ..., Ax of X, and all sequences 11, ..., T, from
N to N such that lim, oo Tiy1(n) — 7:(n) = +00 fori=1,...,k — 1, we have

k

k
1% (ﬂ f_Ti(n)(Ai)> —= HU(Ai)'

i=1

1. Show that a symbolic dynamical system is mizing of order k for all k €
N\ {0,1}.

2. Let N € N\ {0,1}. Show that the map fn : 0 — N6 on the circle R/Z is
mizing of order k, for all k € N\ {0, 1}, with respect to the Haar measure.



3. Let N € N\ {0} and let M be an invertible N x N matriz with integer
entries, having no eigenvalue which is a root of unity. Show that the map
far : xmod ZN — Mx mod ZN on the torus RN JZN is mizing of order
k, for all k € N\ {0,1}, with respect to the Haar measure.



